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PERIODIC ORBITS OF ANALYTIC EULER FIELDS ON
3-MANIFOLDS
FRANCISCO TORRES DE LIZAUR
Abstract. On any closed Riemannian 3-manifold which is not a torus bundle,
every nonvanishing analytic solution of the stationary Euler equations has a
periodic trajectory. This result is originally due to A. Rechtman [20] and K.
Cieliebak and E. Volkov [4]; here we present an alternative proof of it.
1. Introduction
The motion of an incompressible inviscid fluid in a Riemannian 3-manifold (M, g)
is described by a time-dependent vector field X satisfying the Euler equations
∂X
∂t
+∇LCX X = −∇P, divX = 0 .
Here div, ∇, and ∇LC denote the divergence, gradient and covariant derivative
on M , defined with the metric g; and P is a (time-dependent) function called the
pressure, which is also an unknown in the equations.
Solutions to the above equations that do not depend on time are called stationary,
or steady, Euler flows. They describe the equilibrium configurations of the fluid. It
is straightforward to see that in this case the Euler equations are equivalent to
X × curlX = ∇B , divX = 0 ,
where B := P + 12 |X |
2 is called the Bernoulli function.
This paper is concerned with the qualitative properties of steady Euler flows and,
more precisely, with the existence of closed trajectories amongst the flow lines.
A lot of aspects of steady Euler flows are not yet understood; nonetheless, the
study of some of their qualitative properties has proven to be fruitful, revealing
many connections with other areas of mathematics (see e.g [13] and [18] for reviews).
Arnold’s structure theorem [2] is the first major result in this regard. Arnold
discovered that, when the Bernoulli B function is analytic, the flow lines outside its
critical level sets are arranged in a very simple manner: as 1-dimensional families
of 2-dimensional integrable Hamiltonian systems.
Completely opposite to the situation covered by Arnold’s theorem, we have those
steady Euler flows whose Bernoulli function has all level sets critical, i.e those having
B ≡ constant. These solutions are often called Beltrami fields.
Arnold conjectured that Beltrami fields should have very complex flow line ar-
rangements, and since then they have attracted a lot of attention [11, 5, 6, 7].
Interestingly, contact topology has turned out to be a very useful tool for their
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study, at least in the absence of zeroes in the vector fields. The reason is that non-
vanishing Beltrami fields are actually Reeb flows, and vice versa. More precisely,
nonvanishing Beltrami fields satisfy the relation curlX = fX for some well-defined
real-valued function f ; when this function is constant, they are equivalent (after
suitable rescaling) to Reeb flows of contact structures, an idea put forward by
Sullivan and developed by Etnyre and Ghrist [8]. When f is not constant, the cor-
respondence is rather with Reeb flows of stable Hamiltonian structures (also known
as volume-preserving geodesible flows), as shown by Rechtman [19, 20].
It is by means of this correspondence that we know that, on any closed (i.e com-
pact without boundary) 3-manifold which is not a torus bundle, a C2 nonvanishing
Beltrami field always has periodic orbits (in a torus bundle it is straightforward to
find examples of Beltrami fields without periodic orbits). Indeed this statement,
expressed in terms of Reeb flows of stable Hamiltonian structures, was a major
recent breakthrough in contact topology due to Hutchings and Taubes [12], and
independently to Rechtman [20] in the case of the 3-sphere and in manifolds with
non-trivial second homotopy group.
The question of whether, on closed 3-manifolds which are not torus bundles, a
general nonvanishing steady Euler field has a periodic orbit, remains completely
open. An a priori promising approach to this problem would be to show that any
nonvanishing steady Euler field X is beltramisable, i.e that it satisfies curlX = fX
for some metric (note that the curl operator depends on the metric). However, this
is known to be false in general: Cieliebak and Volkov provided in [4] a construction
of smooth solutions to the stationary Euler equations that are not beltramisable.
A very different picture appears if we require the solutions to be analytic, as in
Arnold’s original set-up. In this case Cieliebak and Volkov show that all nonvan-
ishing steady Euler flows are indeed Beltrami fields for some metric. This implies,
in view of the above mentioned Hutchings–Taubes’ theorem, the following result
([4], Corollary 3), which is also the main theorem that we prove in this paper:
Theorem 1.1. Let M be a closed real analytic 3-manifold equipped with a metric
g and a volume form µ (which we do not assume to be the one induced by g). Let
X be a nonvanishing vector field X satisfying the stationary Euler equations,
X × curlX = ∇B , divX = 0 .
Suppose that X, g, µ and B are analytic. Then, if M is not a torus bundle over
the circle, X has a periodic orbit.
We recall that given a metric g and a volume form µ (not necessarily the one
induced by g), the divergence, curl and vector product operators are defined by
icurlXµ = d(iXg) , iX×Y g = iY iXµ , LXµ = divXµ .
The crucial step in the proof of Theorem 1.1 that we present is to show the
following:
Theorem 1.2. Let X be a nonvanishing vector field in a real analytic closed 3-
manifold which is not a torus bundle. If X has a non-trivial analytic first integral,
then it has a periodic orbit.
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The proof of Theorem 1.1 is then achieved by combining Theorem 1.2 with
Taubes’ solution to the Weinstein conjecture in dimension three [22] and Fuller’s
theorem [17] on the existence of periodic points of surface homemorphisms.
Comparison with previous results. As we mentioned above, neither Theorem
1.1 nor Theorem 1.2 are original. The strategy of the proof that we follow here isn’t
either: it already appears in the works of Etnyre and Ghrist [8], Rechtman [19] and
Cieliebak and Volkov [4]; the difference lies in the details of its implementation.
More precisely, Etnyre and Ghrist proved in [8] that, in the 3-sphere, a nonva-
nishing analytic Euler field always has a periodic orbit, and in fact the only thing
preventing their arguments from yielding Theorem 1.1 was that the Weinstein con-
jecture in dimension three had not been solved yet. Rechtman’s arguments in [20]
also provide a proof of Theorem 1.1 along the same lines as the one presented here.
Finally, as we have mentioned already, Theorem 1.1 is a corollary ([4], Corollary
3) of Cieliebak and Volkov’s beltramization result, and another proof following the
same strategy as we do is presented in Remark 2.2 of their paper.
With regards to Theorem 1.2, there are several results in the same spirit origi-
nally discovered by Fomenko in his work on Hamiltonian systems with Morse–Bott
first integrals ([9], Chapter 2); besides, it follows directly from the arguments in
the proofs of Theorem 3.5 in [8], of Lemma 4.2 in [20] and of Remark 2.2 in [4].
The key in all of these arguments is to use the stratified geometry of the critical
level sets of the first integral to show that, in the absence of periodic orbits, the
manifold is foliated by tori; we proceed in a similar manner. Where our approach
differs considerably is in the proof of the fact thatM does not just admit a foliation
by tori, but is a torus bundle over the circle.
The paper is organized as follows: firstly we prove Theorem 1.2 in Section 2,
then Theorem 1.1 is proven in Section 3.
2. Proof of the Theorem 1.2
Let us denote by h the analytic non-trivial first integral of the vector field X .
We recall that being a first integral of X means that h is constant along the flow
lines; in particular, since h is C1, we have dh(X) = 0.
The idea of the proof is to first show that, if X has no periodic orbits, the level
sets of h define a foliation of M where all leaves are tori; then we prove that this
foliation yields actually a torus bundle over the circle.
2.1. Step 1: the connected components of the level sets of h are all tori.
Let L be a connected component of the level set h−1(c), for some real number c in
the image of h.
If c is a regular value, then L is an oriented surface, which moreover is invariant
under the flow of X ; since X has no zeroes, L must be a torus.
If c is a critical value, all we know in principle is that L is a connected analytic
subset of M .  Lojasiewicz proved [15] that these sets have a controlled stratified
structure. We begin by recalling some of their properties.
Definition 2.1. Let L be an analytic set on a manifold M . We say that the rank
of L at a point x ∈ L is k, rankL(x) = k, if there is an open neighborhood U of x
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in M and analytic functions f1, ...fk on U such that
U ∩ L = {f−11 (0) ∩ ... ∩ f
−1
k (0), and dxf1, ...dxfk are linearly independent}
Thus, if rankL(x) = k, the set L is a submanifold of codimension k in a neigh-
borhood of x.
We now define:
Lk = {x ∈ L, rankL(x) = k}
The subset L0 is called the singular set of L. We now summarize some standard
geometric properties of analytic sets in connected real analytic manifolds that will
be important for our purposes (see e.g [3], Section 2 of [16], or Theorem 6.3.3 in
[14]):
(i) The singular set L0 is an analytic subset of M . If L = L0, then L = M ; if
L 6= L0, then L0 is a closed and nowhere dense subset of L, and consists
of the points at the intersection of the sets Lk with k > 0.
(ii) For any point x ∈ L0 we define rank1(x) := rankL0(x), the rank of L
0 at
the point x. We can then define analogously the sets (L0)k; if x is still
on the singular set of L0, i.e x ∈ (L0)0, then we can define rank2(x) as
the rank of (L0)0 at x, and so on. This process eventually terminates, i.e,
(((L0)0)...)0 = ∅.
(iii) If the dimension of the manifold is n and L 6= M , we can define a finite
filtration by closed subsets L = Ln−1... ⊃ L0 (here Lk 6= Lk) such that
for any j, Lj \Lj−1 consists of the points x with rankL(x) = n− j and of
the points x ∈ L0 with ranki(x) = n − j for some i > 0. In other words,
Lj \ Lj−1 is either a submanifold of dimension j or it is empty. We call
the connected components of Lj \ Lj−1 the j-dimensional strata of L.
Take now L to be the connected component of the critical level set h−1(c); our
first claim is that the strata Lk \ Lk−1 of dimension k are invariant under the flow
of X .
Indeed, consider the subsets Lk ⊂ L of points with rankL = k. For any k > 0, it
is clear from the definition of rank and the invariance of L that φtX(L
k) ⊂ Lk (here
by φtX we denote the flow of X).
Now the singular set L0 is clearly invariant since it is the complement in L of
the union of the sets Lk. Then again, by the definition of rank and the invariance
of L0, the submanifolds (L0)k consisting of the points in L0 with rank1(x) = k are
preserved by the flow.
Arguing repeatedly as above, we conclude that the set of points x with rankj(x) =
k, for any j and k, is invariant by the flow. Since Lk \Lk−1 is a union of such sets,
it is also invariant.
We next proceed to analyze the geometry of the strata Lk \Lk−1. First, observe
that L cannot have 3-dimensional strata, because then h would be a constant,
which is excluded. There cannot be 0-dimensional strata either, since by invariance
these would be zeroes of X . The absence of 0-dimensional strata implies that any
1-dimensional stratum must be a closed curve, i.e a periodic orbit of X , which is
also excluded.
So there can only be 2-dimensional strata: L must be a surface embedded in
M , with the vector field X tangent to it. Since L is a critical level set, we cannot
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ensure its orientability: from the absence of zeroes of X we can only conclude that
L is either a torus or a Klein bottle. However, a vector field tangent to a Klein
bottle always has a periodic orbit [10], so L must be indeed a torus.
2.2. Step 2: the foliation defined by the level sets of h is locally trivial.
To finish our proof of Theorem 1.2 we need the following:
Proposition 2.2. Let L be a connected component of the level set h−1(c), for any c
in the image of h. There is an open set U ⊂M containing L and a diffeomorphism
Φ : U → (−δ, δ)× T2, for some positive number δ, such that h ◦ Φ−1({t} × T2) =
{c+ t}.
Indeed, if that is the case, the leaves of the foliation by tori defined by h are
separable. Since M is closed, the leaf space of the foliation is a 1-dimensional,
compact closed Hausdorff space, i.e a circle. By Ehresmann fibration theorem, the
surjective submersion from M to the leaf space S1 is a locally trivial fibration, so
M is torus bundle over the circle and Theorem 1.2 is proven.
The rest of the Section is dedicated to the proof of the above Proposition.
Proof of Proposition 2.2. Choose any connected leaf L of the foliation defined by
the level sets of h.
Suppose first that the leaf L is a connected component of a level set h−1(c) with
c a regular value. Then the proposition follows trivially: in a sufficiently small
neighborhood U of L, the gradient of h does not vanish. We can thus define the
vector field S := ∇h
dh(∇h) whose flow φ
t
S verifies:
∂
∂t
h
(
φtS(x)
)∣∣
t=s
= dh(S)
(
φsS(x)
)
= 1, h
(
φ0S(x)
)
= c
for any point x ∈ L. So we have h(φtS(x)) = h(x)+ t. Moreover, any point y ∈ U
can be uniquely written as y = φtS(x) for some t ∈ (−δ, δ) and x ∈ L (maybe at the
expense of taking a slightly smaller open set U), so we define the diffeomorphism
Φ : U → (−δ, δ)× T2 simply as Φ(φtS(x)) = (t, x) for x ∈ L.
Now consider a leaf L which is a connected component of a level set h−1(c) with
c a critical value. Without loss of generality, we can assume that c = 0. The key
in this case is to prove:
Lemma 2.3. On a small enough tubular neighborhood Nδ(L) of L we can write
h = gk · u, with k a positive integer, g an analytic function such that ∇g 6= 0, and
u a smooth function with u 6= 0.
Indeed, assume the above Lemma for the moment: then, on a neighborhood of
L, the function q := g · u
1
k has the same level sets as h and, moreover, ∇q 6= 0 on a
neighborhood of L. Arguing exactly as we did in the case of non-critical level sets
with q in the role of h we get a locally trivial foliation near L. This concludes the
proof of Proposition 2.2 
Proof of Lemma 2.3. For any point x ∈ L, we define the vanishing order of h at x
to be the smallest integer n such that the n-jet of the function h at x, Jnx (h), does
not vanish. Of course if x is a critical point, n is greater than 1 (h(x) = 0 and
∇h(x) = 0).
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We begin by establishing the following fact:
Lemma 2.4. Let L be a connected component of h−1(0) with 0 a critical value. If
X does not vanish and has no periodic orbits, all points in L are critical points of
h of the same vanishing order.
Proof of Lemma 2.4. Set
K := min
x∈L
{n ∈ N such thatJnx (h) 6= 0} ,
and define the following two sets partitioning L:
S0 := {x ∈ L, J
K
x (h) 6= 0}
S1 := {x ∈ L, J
K
x (h) = 0} ,
that is, the points in S0 are those with minimal vanishing order, and S1 = L\S0.
Notice that S1 is an analytic subset of L, since it is defined as the zero set of
the k-jet of h; and it cannot be the whole L because by definition S0 is not empty.
Thus the codimension of S1 in M must be at least 2, that is S1 must consist of
points and curves.
But it is easy to check that all n-jets of h are preserved by the flow of X (to see
this, consider the matter in a flow box of the vector field), so that S1 is invariant
and thus it consists of zeroes or periodic orbits of X . Since this is excluded by
our assumptions, we conclude that S1 is empty and L = S0, i.e, h has the same
vanishing order K for all x ∈ L. 
Now, the leaf L has trivial normal bundle, so there is a smooth function F in M
such that F−1(0) = L and ∇F |L 6= 0: indeed, we can simply define the function
F (x, t) := t for coordinates (x, t) on a trivialization of a tubular neighborhood
Nδ(L) ≃ L × (−δ, δ); and extend F smoothly to the whole manifold. Observe
that although L = F−1(0) is an analytic submanifold, we cannot ensure that F is
analytic.
By Whitney’s approximation theorem, we can find analytic functions arbitrarily
close to F in any Ck norm. Consider thus an analytic function G very close to F in
the C1 norm. Thom’s isotopy theorem [1] ensures that, provided we take G close
enough, the level set L′ = G−1(0) is diffeomorphic to L and, moreover, that there
is a smooth family of isotopic embeddings
et : T
2 →M
with e0(T
2) = L and e1(T
2) = L′.
But since both L and L′ are analytic, we can take the family of isotopic embed-
dings et to be analytic as well (in the sense that the images are analytic submani-
folds and the dependence on t is analytic) by a theorem due to Royden [21] (which
precisely states that given a smooth isotopy of embeddings between two analytic
submanifolds we can find an analytic isotopy of embeddings).
We define now a time-dependent vector field associated with the isotopy et:
Ys(es(q)) :=
∂et
∂t
∣∣∣
t=s
(q)
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for q ∈ T2. Note that for each s, Ys is only defined on the embedded tori
es(T
2) ⊂ M . It is nonetheless straightforward to extend it smoothly to a time-
dependent vector field Yt on the whole M . In doing so, Yt cannot be ensured to
be analytic anymore, but we can keep the extension analytic inside a small enough
neighborhood of the original domain of definition. As we are going to see, this is
enough for our purposes.
The non-autonomous flow φtYt on M satisfies, for any p ∈ L,
φtYt(p) = et(e
−1
0 (p))
so that
φ1Y1(L) = L
′
and furthermore, φ1Y1 :M →M is analytic on a small enough tubular neighbor-
hood of L that we denote by Nδ(L).
Define now the function
g := G ◦ φ1Y |Nδ(L) : Nδ(L)→ R
which is analytic as well, since G and φ1Y |Nδ(L) are.
We have that L = g−1(0) and dg|Nδ(L) 6= 0. Now, since by Lemma 2.4 the func-
tion h has the same vanishing order at all points x ∈ L, the Weierstrass Preparation
Theorem (see e.g [14], Theorem 6.3.1) readily implies that, on a neighborhood Vx
of any point x ∈ L, we can write h = gK · uVx , with uVx a nonvanishing analytic
function on Vx.
We take now a partition of unity (ρi, Vi) of Nδ(L), such that on each Vi we have
h = gK · ui. Defining
u =
∑
i
ρiui
we finally have
h =
∑
i
ρig
kui = g
k
∑
i
ρiui = g
k · u
Because of our use of a partition of unity, u is not analytic, but it is clearly
nonvanishing on Nδ(L). This finishes the proof of Lemma 2.3. 
3. Proof of Theorem 1.1
Any nonvanishing solution of the Euler equations is of one of the following four
types:
(i) curlX = 0.
(ii) curlX = λX with some constant λ 6= 0.
(iii) curlX = fX with f not constant.
(iv) X × curlX = ∇B with ∇B not identically zero.
We will prove Theorem 1.1 case by case. We note that the only cases where the
analyticity assumptions will be needed are cases (iii) and (iv).
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3.1. Case (i). We begin by recalling a result due to Tischler [23]:
Theorem 3.1 (Tischler [23]). Let M be a closed manifold. If M has a nowhere
vanishing closed 1-form α, then for any ǫ > 0 there is a surjective submersion
p : M → S1 and an integer n such that the 1-form p∗dθ (where dθ denotes the
standard length form on S1) satisfies |nα(Y (x))−p∗dθ(Y (x))|C0(M) 6 ǫn|α(Y (x))|,
for any vector field Y at any point x.
Since curlX = 0 and X has no zeroes, the 1-form λ = iXg is closed and nowhere
vanishing. By Tischler’s theorem, M fibers over S1 and since M is compact, the
fibration p is proper, so it defines a fiber bundle.
Note that by taking ǫ in the statement of Theorem 3.1 smaller than 1 we ensure
that iX p
∗dθ > 0, so the vector field X is transverse to the fibers p−1(θ).
We want to prove that, if X does not have periodic orbits, the fibers are tori.
Take a fiber Σθ := p
−1(θ). Since p∗dθ(X) > 0, all the flow lines come back to
the fiber. We can then define the Poincare´ recursion map of X in Σθ, which is a
diffeomorphism ψX : Σθ → Σθ taking any point in the fiber to the first point in its
forward trajectory to belong to the fiber again.
A periodic orbit ofX corresponds either to a fixed point of the Poincare´ recursion
map ψX or, more generally, to a periodic point of it, that is, a fixed point of the
iterated map ψkX = ψX ◦ ... ◦ ψX for some integer k > 0.
So the proof of Theorem 1.1 in this case reduces to showing that if ψX has no
periodic points, Σθ is a torus. This follows from a classical result of Fuller [17], but
in any case we will present a proof here.
Define the Lefschetz zeta function of ψX as
ZψX (s) := exp
( ∞∑
k=1
Λ(ψkX)
k
sk
)
where Λ(ψkX) denotes the Lefschetz number of ψ
k
X ,
Λ(ψkX) = Tr
(
(ψkX)∗0
)
− Tr
(
(ψkX)∗1
)
+Tr
(
(ψkX)∗2
)
,
and (ψkX)∗i : Hi(Σθ,Q) → Hi(Σθ,Q) is the linear map induced by ψ
k
X on the i-th
homology group of the fiber Σθ.
Observe that by the Lefschetz fixed point theorem, if Λ(ψkX) 6= 0 then ψX has a
periodic point. So if the map ψX has no periodic points, all Lefschetz numbers are
zero and we must have
ZψX (s) = 1 .
We now claim that the above identity is only possible if Σθ is a torus. Indeed, the
Lefschetz zeta function can be rewritten as
ZψX (s) =
exp
(
−
∑∞
k=1
sk
k
Tr
(
(ψkX)∗1
))
exp
(
−
∑∞
k=1
sk
k
Tr
(
(ψkX)∗0
))
exp
(
−
∑∞
k=1
sk
k
Tr
(
(ψkX)∗2
)) .
Recall that for a square matrix A one has
det(I +A) =
∞∑
n=0
1
n!
(
−
∞∑
k=1
(−1)k
k
TrAk
)n
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where by I we denote the identity matrix. Thus, we have
exp
(
−
∞∑
k=1
sk
k
Tr
(
(ψkX)∗i
))
= det(I − s(ψkX)∗i)
so the Lefschetz zeta function reads
(3.1) ZψX (s) =
det
(
I − s(ψX)∗1
)
det
(
I − s(ψX)∗0
)
det
(
I − s(ψX)∗2
) .
In principle, det(I − s(ψX)∗i) is a polynomial of degree ni 6 bi, where by bi we
denote the i-th Betti number of Σθ, bi := dim (Hi(Σθ,Q)). But in fact, we have
that the degree is exactly equal to the Betti number. To see this, note that
det
(
I − s(ψX)∗i
)
= sbidet
(
1
s
I − (ψX)∗i
)
= sbip
(
1
s
)
where p(λ) denotes the characteristic polynomial of (ψX)∗i, that is, the polynomial
whose zeroes are the eigenvalues of (ψX)∗i. If there is no term of degree bi in
det (I − s(ψX)∗i), then there is no term of degree zero in p(λ), and thus λ = 0 is
an eigenvalue of (ψX)∗i. But this is impossible, because ψX is a diffeomorphism,
so (ψX)∗i is an isomorphism. So ni = bi.
Now, we have that b0 = b2 = 1 and b1 = 2g, where g is the genus of Σθ. Thus,
the denominator in Eq. (3.1) is a polynomial of degree 2, while the numerator has
degree 2g. So for ZψX (s) to be identically 1 we must have g = 1, i.e, Σθ must be a
torus.
3.2. Case (ii). If X satisfies the equation curlX = λX , it is immediate to see that
α = iXg is a contact form and
X ′ :=
X
α(X)
is the corresponding Reeb vector field of α. Taubes’ solution of the Weinstein
conjecture [22] ensures that X ′ has a periodic orbit, hence so does X .
3.3. Cases (iii) and (iv). These two cases can be analyzed simultaneously, as
they have a key feature in common: the field X has a non-trivial first integral, f
in case (iii) and B in case (iv).
By the assumptions in Theorem 1.1, f and B are analytic. We can then apply
Theorem 1.2 to conclude that if X has no periodic orbits, M is a torus bundle over
the circle.
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